NEW CLASSES OF DOMAINS WITH EXPLICIT BERGMAN 

KERNEL 



GUY ROOS AND WEIPING YIN 

Abstract. We introduce two classes of egg type domains, built on general 
bounded symmetric domains, for which we obtain the Bergman kernel in ex- 
plicit formulas. 



In 1921, S. Bergman introduced a kernel function, which is now known as the 
Bergman kernel function. It is well known that there exists a unique Bergman ker- 
nel function for each bounded domain in C". For which domains can the Bergman 
kernel function be computed by explicit formulas? This is an important problem. 
Explicit formulas of the Bergman kernel function can help to solve important con- 
jectures. We illustrate this point by two cases. Mostow and Siu have given a 
counterexample to the important conjecture that the universal covering of a com- 
pact Kahler manifold of negative sectional curvature should be biholomorphic to 
the ball. In their counterexample the explicit calculation of the Bergman kernel 
function and metric of the egg domain 

{z e C 2 ; \ Zl \ 2 + \z 2 \ u < 1} 

plays an essential role |19| . Another example is Lu Qikeng conjecture: in order 
to give a counterexample to the Lu Qikeng conjecture, an explicit formula for the 
Bergman kernel function is used in Pj. Therefore, computation of the Bergman 
kernel function by explicit formulas is an important research direction in several 
complex variables. Up to now, there are still many mathematicians working in that 
direction. 

If the group of holomorphic automorphisms of a bounded homogeneous domain 
is known, then one can get its Bergman kernel function in explicit form. L.K. Hua 
|14j has obtained the Bergman kernel functions in explicit form for the four types of 
Cartan domains by using that method (it is called Hua's method) . It is well known 
that there are two exceptional Cartan domains, of dimension 16 and 27. Weiping 
Yin |25) has obtained the Bergman kernel functions in explicit form for these two 
exceptional Cartan domains by using the Hua's method. A general expression of 
the Bergman kernel for all symmetric bounded homogeneous domains can also be 
given using the theory of Jordan triple systems; the Bergman kernel is then, up to 
a constant, a (negative) power of the "generic minimal polynomial" (cf. Loos |18j). 

For a non-symmetric homogeneous domain, we know that it is holomorphically 
equivalent to a Siegel domain (or N-Siegel domain in the sense of Yichao Xu); 
S.G. Gindikin |llj has computed the Bergman kernel functions in explicit form 
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for homogeneous Siegel domains by using generalized power functions. Yichao Xu 
has also obtained the Bergman kernel functions in explicit form for N-Siegel 
domains. In the middle of sixties, Jiaqing Zhong and Weiping Yin [3T],[321 have 
constructed some new types of non-symmetric homogeneous domains and their 
extension spaces; Weiping Yin [2I>| , [H| , [2H| has computed their Bergman kernel 
functions in explicit form by using Hua's method. But their papers were published 
only at the beginning of the eighties, after the end of Cultural Revolution in China. 

Besides homogeneous domains, domains for which the Bergman kernel function 
can be computed in explicit form are the egg domains (also called complex ellipsoids 
or complex ovals). In general, an egg domain has the following form: 

E(px, ..., Pn ) = {(zi, ...,z n )eC n : \ Zl \^ +■■■ + \z n \ 2 ^ < 1}, 

where Pi, ■ ■ ■ ,p n are positive real numbers. Here the Zj (J = 1, . . . ,n) are complex 
numbers. A more general case is obtained when the Zj are complex vectors, that 
is Zj = (zji, . . . , Zjmj) and \zj\ 2pj = [J2T=i \ z jk\ 2 } Pj : the corresponding domain is 
then denoted by E(pi, . . . ,p n ; mi, . . . , m n ) or simply by E p - m . S. Bergman ([3], 
p. 82) has computed the Bergman kernel function in explicit form on E(pi, 1) by 
summing a series; although he states that 1/pi is a positive integer, his computation 
is valid for arbitrary p\. The explicit form of the Bergman kernel functions on 
E(l, . . . , l,p n ) and on E(l, . . . , l,p n ; 1, . . . , l,m) were obtained by D'Angelo in 
and [H] respectively. In the case 1/pi, . . . , l/p n are positive integers, Zinov'ev pTH] 
obtained the explicit form of the Bergman kernel function on E(px, . . . ,p n ). If 
1/px, . . . , l/p n -i are positive integers and l/p n = P is a positive real number, then 
the Bergman kernel function on E(p±, . . . , Pn ) can also be computed explicitly. If 
Pi, . . . ,p n are positive integers, then the Bergman kernel function on E{jp\, . . . ,p n ) 
has an explicit expression in terms of multivariate hypergeometric functions (0 
Theorem 1]). 

We are not able to compute an explicit formula for the Bergman kernel function 
on any egg domain. If there are two (or more) numbers among the positive real 
numbers 1/pi, ■ ■ ■ , l/p n which are not integers (nor inverse of integers), then one 
cannot get an explicit formula for the Bergman kernel function on E(j>i, . . . ,p n ) or 
on E p . m . So, one needs to estimate the Bergman kernel function on egg domains. 
This work has been done by Sheng Gong and Xuean Zheng ^ n ^ s thesis of 

doctoral degree (Purdue Univ 1997-1998) titled "The Bergman kernel on Reinhardt 
domains" , Chieh-hsien Tiao has obtained an estimation for the Bergman kernel 
function on general Reinhardt domains |2H| . 

During the period of the second author's stay at the Institut des Hautes Etudes 
Scientifiques (IHES) in February 1998, he and G. Roos introduced the following 
four types of domains, called super- Cartan domains or Cartan-Hartogs domains 
(N, m, n are positive integers and K > is real): 

Yr(N,m,n;K) := {W e C N ,Z e Ri{m,n) : \W\ 2K < det{I-ZZ T )}, 
Y n (N,p; K) := {W € C N , Z e Rn(p) : \W\ 2K < det(I - ZZ T )}, 
Y nl (N, q; K) := {W G C N , Z e Rin(q) : \W\ 2K < det(J - ZZ T )}, 
Y IV (N, n; K) := {W eC N ,Ze R IV (n) : 

\w\ 2K < i - zz T - [{zz T f - izz'i 2 } 1 / 2 }. 
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where i?/(m,n), Rn(p), Rm(q) and i?/y(n) denote respectively the Cartan do- 
mains of first, second, third and fourth type in the sense of L.K. Hua. Here Z T 
denotes the conjugate and transpose of Z, det denotes the determinant of a square 
matrix. 

Weiping Yin has got the Bergman kernel function in explicit form for these four 
Cartan-Hartogs domains [^HjilSIj- We would like to point out that if we can get the 
Bergman kernel in explicit form for a domain, then this domain is a good domain 
for research. 

Quite recently, Weiping Yin has introduced the following four types of domains, 
which may be called Cartan egg domains: 

CEi(M,N,m,n;K) := {Wi £ C M ,W 2 G C N ,Z e Ri(m,n) : 

\W!\ 2 + \W 2 \ 2K < det(I- ZZ T )}, 

CE H (M, N,p; K) := {W 1 £ C M , W 2 £ C N , Z £ R n (p) : 

\W!\ 2 + \W 2 \ 2K < det{I - ZZ T )}, 

CE IH {M, N, q- K) := {Wx £ C M , W 2 £ C N , Z £ R HI (q) : 

\Wx\ 2 + \W 2 \ 2K <det(/-ZZ T )}, 

CE IV {M, N, n; K) := {Wi £ C M , W 2 £<C N ,Z £ R IV (n) : 

\ Wl \ 2 + \w 2 \ 2K < i - zz T - [{zz T f - izzf) 1 / 2 }. 

More generally, we will consider in this paper the two following classes of do- 
mains, built on an arbitrary irreducible bounded circled homogeneous domain tt: 

Y(q, Q; k) := {(W, Z) £ C x O; \W\ 2k < N(Z, Z)\ , 
E(p,q,n ; k) := UWuW^Z) £<C P xC q x!l; | V^i | 2 + \W\ 2k < N(Z,Z)X, 

where N(Z, Z) is the generic norm of f2, which is the proper generalization of 
det(/-ZZ T ). 

If we are able to compute the Bergman kernel when p = q = 1, then, by us- 
ing twice the Principle of inflation (which will be stated below), one can get the 
Bergman kernel functions of Cartan egg domains for general p, q. Therefore, we 
consider first F(1,0, k) and E(l, 1, f2; k). The domain £(1, 1,0; fc) is not homo- 
geneous, so we cannot use Hua's method to get the Bergman kernel function in 
explicit form. Also the domain E(l, l,fi;fc) is not Reinhardt, so we cannot get 
its Bergman kernel function by summing an infinite series. Our new method is a 
combination of these two methods. 

In Section^ we review the properties of Jordan triple systems, which are neces- 
sary for the general definition of Y(q, 17; k) and E(p, q, O; k). Section^is devoted to 
auxiliary results: the computation of J n N (x , x) s a n , which appears to be a simple 
consequence of an integral computed by Selberg, the notion of "semi-Reinhardt do- 
mains" and description of complete orthonormal systems for these domains, and the 
"Principle of inflation", which allows to derive the Bergman kernel for Y(q, fi; k) 
and E(p,q,£l;k) from the special case p — q = 1. In Section we study auto- 
morphisms of the domains Y(q, 0; k) and E(p, g, f2; k) and compute their Bergman 
kernels. The last section gives tables stating specific results for all types (classical 
and exceptional) of bounded symmetric domains. 
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1. Bounded symmetric domains and Jordan triple systems 

Hereunder we give a review of properties of the Jordan triple structure associated 
to a complex bounded symmetric domain (see JH!> HI])- 

1.1. Jordan triple system associated to a bounded symmetric domain. 

Let n be an irreducible bounded circled homogeneous domain in a complex vector 
space V. Let K be the identity component of the (compact) Lie group of (linear) 
automorphisms of Q leaving fixed. Let w be a volume form on V , invariant by 
K and by translations. Let K, be the Bergman kernel of Q with respect to u>, that 
is, the reproducing kernel of the Hilbert space H 2 (il,oj) = Hol(£l) n L 2 (£1,oj). The 
Bergman metric at z G f2 is defined by 

h e (u,v) = d u d v log JC(z). 

The Jordan triple product on V is defined by 

ho({uvw},t) = d u d v d w d t logJC(z) | z=0 • 

The triple product (x, y, z) i— > {xyz} is complex bilinear and symmetric with respect 
to (x,z), complex antilinear with respect to y. It satisfies the Jordan identity 

{xy{uvw}} — {uv{xyw}} — {{xyu}vw} — {u{vxy}w}. 

The space V endowed with the triple product {xyz} is called a (Hermitian) Jordan 
triple system. For x,y, z G V, denote by D(x, y) and Q(x, z) the operators defined 
by 

{xyz} = D(x, y)z = Q(x, z)y. 
The Bergman metric at is related to D by 

ho(u,v) = tr D(u,v). 

A Jordan triple system is called Hermitian positive if (u\v) — txD(u,v) is positive 
definite. As the Bergman metric of a bounded domain is always definite positive, 
the Jordan triple system associated to a bounded symmetric domain is Hermitian 
positive. 

The quadratic representation 

Q:V — > End R (^) 

is defined by Q{x)y — ^{xyx}. The following fundamental identity for the quadratic 
representation is a consequence of the Jordan identity: 

Q(Q(x)y) = Q(x)Q(y)Q(x). 

The Bergman operator B is defined by 

B(x,y)=I-D(x,y) + Q(x)Q(y), 

where I denotes the identity operator in V. It is also a consequence of the Jordan 
identity that the following fundamental identity holds for the Bergman operator: 

Q(B(x,y)z) = B(x,y)Q(z)B(y,x). 

The Bergman operator gets its name from the following property: 

h z (B(z, z)u, v) — ho(u, v) (z S fi; u, v 6 V). 

If $ G (Autf2) , the identity component of the automorphism group of f2, the 
relation 

(1.1) B($x, $y) = 6$(x) o B(x, y) o d$(y)* 
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holds for x, y <E 0, where * denotes the adjoint with respect to the hermitian metric 
ho- As a consequence, the Bergman kernel of fi is given by 

(L2) K{Z) = voindct£(z,z)- 

1.2. Spectral theory. An Hermitian positive Jordan triple system is always semi- 
simple, that is the direct sum of a finite family of simple subsystems with component- 
wise triple product. 

As the domain is assumed to be irreducible, the associated Jordan triple system 
V is simple, that is V is not the direct sum of two non trivial subsystems. 

An automorphism f : V — > V of the Jordan triple system V is a complex 
linear isomorphism preserving the triple product : f{u, v, w} = {fu, fv, fw}. The 
automorphisms of V form a group, denoted Aut V, which is a compact Lie group; 
we will denote by K its identity component. 

An element c <E V is called tripotent if {ccc} = 2c. If c is a tripotent, the operator 
D(c, c) annihilates the polynomial T(T - 1)(T - 2). 

Let c be a tripotent. The decomposition V = Vq (c) © V\ (c) © Vi (c) , where Vj(c) is 
the eigenspace Vj(c) = {x g V ; Z>(c, c)a; = jir}, is called the Peirce decomposition 
of V (with respect to the tripotent c). 

Two tripotents c\ and c 2 are called orthogonal if D(ci, c 2 ) = 0. If Ci and c 2 are 
orthogonal tripotents, then D(a,ci) and -D(c 2 ,c 2 ) commute and ci + c 2 is also a 
tripotent. 

A non zero tripotent c is called primitive if it is not the sum of non zero orthogo- 
nal tripotents. A tripotent c is maximal if there is no non zero tripotent orthogonal 
to c. The set of maximal tripotents is equal to the Shilov boundary of the domain 
ft. 

A frame of V is a maximal sequence (ci, . . . , c r ) of pairwise orthogonal primi- 
tive tripotents. The frames of V form a manifold which is called the Satake- 
Furstenberg boundary of ft. 

Let c — (ci, . . . , Cr) be a frame. For < i < j < r, let 

Vy (c) = {x e V I D(c k , c k )x - (<5f + S))x, \ <k<r) : 

the decomposition V = o <i<j< r ^i( c ) i s ca H e d the simultaneous Peirce decom- 
position with respect to the frame c. 

Let V be a simple Hermitian positive Jordan triple system. Then there exist 
frames for V. All frames have the same number of elements, which is the rank r 
of V. The subspaces Vij = Vij(c) of the simultaneous Peirce decomposition have 
the following properties: Voo = ; Vu = Ce^ (0 < i); all Vy's (0 < i < j) have the 
same dimension a; all Vbi's (0 < i) have the same dimension b. 

The numerical invariants of V (or of O) are the rank r and the two integers 

a = dim (0 < i < j), 
b = dim V i (0 < i). 

The genus of is the number g defined by 

g = 2 + a(r - 1) + 6. 



The HPJTS V and the domain are said to be of tube type if b = 0. 



6 



GUY ROOS AND WEIPING YIN 



Let V be a, simple Hermitian positive Jordan triple system. Then any x £ V can 
be written in a unique way 

x = A1C1 + A 2 c 2 + • • • + XpCp, 

where Ai > A 2 > • • • > A p > and c\, c 2 . . . , c p are pairwise orthogonal tripotents. 
The element x is regular iff p = r; then (ci, c 2 , . . . , c r ) is a frame of V. The 
decomposition x = AiCi + A 2 c 2 + • • • + X p c p is called the spectral decomposition of 

1.3. The generic minimal polynomial. Let V be a Jordan triple system of 
rank r. There exist polynomials mi, . . . , m r on V x V, homogeneous of respective 
bidcgrccs (1, 1), . . . , (r, r), such that for each regular x £ V, the polynomial 

m(T, x, y) = T r - mi (x, y)^ 1 + • • • + (-l) r m r (x, y) 

satisfies 

r 

m(T,x,x) = ;Q(T-A 4 2 ), 

where x = \\C\ + A 2 c 2 + • • • + X r c r is the spectral decomposition of x. Here V 
denotes the space V with the conjugate complex structure. The polynomial 

m(T, x, y) = T r — m\(x, y)T r ~ l + • • • + (— l) r m r (x, y) 

is called the generic minimal polynomial of V (at (x,y)). The (inhomogeneous) 
polynomial N : V x V ^> C defined by 

N(x,y) = m(l,x,y) 

is called the generic norm. The following identities hold: 

(1.3) detB(x,y) = N(x,y) 9 , 

tvD(x,y) =gm 1 (x,y). 

1.4. The spectral norm. Let V be an HPJTS. The map x i— > Ai, where x = 
AiCi + A 2 c 2 + • • • + ApCj, is the spectral decomposition of x (Ai > A 2 > • • • > A p > 0) 
is a norm on V, called the spectral norm. The bounded symmetric domain SI is the 
unit ball of V for the spectral norm. It is also characterized by the set of polynomial 
inequalities 

d j 

> 0, < j < r - 1. 

T=l 



dT jm(T,x,x) 



Proposition 1.1. Lef 

$ : T x {Ai > A 2 > • • • > A r > 0} — ► Keg 

be defined by 

r 

$((ci, . . . , Cr), (Al, . . . , X r )) = ^ A i c J / 

i=l 

ftere Vr eg is i/ie open dense subset of regular elements ofV. Then $ is a diffeomor- 
phism; its restriction 

$o : T x {1 > \\ > A 2 > • • • > A r > 0} — > O rcg = Cl n Keg 

is o diffeomorphism onto the open dense subset Sl lcg of regular elements of VI. 
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Let a be the Kahler form on V associated to the Hermitian inner product mi : 
(1.4) a = —ddmi. 

In the following, we endow V with the volume form lo = a 11 (n = dime V) , so that 
the volume of the unit ball associated to mi is equal to 1. The following property 
is well-known (see e.g., (5.1.1)]): 

Proposition 1.2. Let V be an irreducible HPJTS of dimension n, rank r and 
invariants a, b. The pull-back of the volume element a n by $ is 

r 

j=l \<j<k<r 

where a and b are the numerical invariants of V and O is a K -invariant volume 
form on T ' . 

2. Auxiliary results 

2.1. The Selberg integral. Using an integral of Selberg, we compute in this 
subsection the integral N(x, x) s a n , where N(x,x) is the generic norm of the 
irreducible bounded symmetric domain Q. The integral of Selberg was used by 
Koranyi ^S] for computing the volume of a general bounded symmetric domain. 
The integral J n N(x,x) s a n has been calculated by Hua ^3] for the four series of 
classical domains. 

Proposition 2.1. Let volfi and volF be the volumes of fl and J- w.r. to a n and 
6: 

volft= / a n , volJF = [ 9. 
Then, for s G C. Rc s > — 1 

(2.1) / N{x,x) s a n = F(s) vol T = |^ volfi, 

Jn F{y) 

with 

too) f( ) i A r(6 + 1 + (j - !)§)!> + 1 + (j - i)f )r(jf + 1) 

K ' } [> 2T!l = l T(s + b + 2+(r + j -2)f)T(f + 1) 

m _ A £(f + 1 + U - 1)§ )r(b + 2 + (r + j - 2)f ) 
F(0) 11 T(l + (j - l)f )r(a + 6 + 2 + (r+j — 2)f ) ' 

Proof. According to Propositions II . II and II .21 we have 

hs)= /•••/ na-Ajj-n^ 1 n w-A^d^ 

l>Ai>A 2 >->A r >0 J=1 ^ = 1 l<J<fe<r 

by the change of variables tj = Xj , we have 

*"(«) = ^ /•••/ Ha-*;) 8 ]!** II dti A . . . A di r . 

i>a 1 >a 2 >.>a i .>oJ =1 J =1 i<J'<fe<'' 



A ... A dA r ; 
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Extending to integration over the cube [0, l] r , we also have 

' J ° J ° 3=1 3=1 l<j<k<r 

The above integral has been evaluated by Selberg |22|: 
Theorem 2.2 (Selberg). For Rex > 0, Rey > 0, Rcz > - min f±, f§f , f^f ) , 



„1 „1 n 

- 70 70 i=l l<i<*<n 



A r(x+ (j - l)z)r(y + (j - l)z)T(jz + 1) 
Al r(s + y + (n + j - 2)z)r(z + 1) 

See £Q for a simple proof. 

Applying this result for n <— r, x <— b + 1, y *— s + 1, z «— |, we obtain the 
expression of F(s): 

pn = J_ rr r(6 + 1 + (j - !)§)£(£ + 1 + (j - i)§)r(jf + 1) 

lsj 2TlAA r(s + & + 2 + (r + i-2)§)r(f + 1) 

valid for Res > — 1. It follows that 

Fjs) _ yr T(s + 1 + (j - l)f )T(b + 2 + (r + j - 2)f ) 

F(o) 1 = 1 r(i + (j - i)f )r(« + b + 2 + (r +j - 2)|) ■ 

This proves Proposition l2.il 

More precisely, J n N(x, x) s a n is a very simple rational function of s: 

Theorem 2.3. Let V be an irreducible HPJTS of dimension n. There exists a poly- 
nomial x °f degree n, the zeroes of which are all negative integers or half integers, 
such that 



X (s) / N(x,x) s a n 
Jn 

is independent of s. The polynomial x is equal to 
(2-3) X(s) = f[(s+l + (j-l)^) 

V 2/ l+6+(r-3> 

Here we use the classical notation (s), for the polynomial of degree k ( "Pochham- 
mer polynomial" ) : 

fc-i 

3=0 

Proof. It follows from (|2.1|) and 11'. 21) that J n N(x, x) s a n is, up to a constant, equal 
to 

( , 4) i| n» + i + o-Df) 



X (s) fJ L T(s + b + 2 + (r+j-2)&) 
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This may also be written (changing j into r + 1 — j 'in the denominator) 

X(s) 



n; = ir(s + & + 2 + (2r-j-l)f) 



n-=ir(« + i + 0'-i)§) 



3=1 



2/ l+6+(r-j')a 



□ 



(2.5) / N(x,x)'a n = 4^7 vol 



As a consequence of Theorem 12.31 we have for s G C, Res >-l 

X(0) 

Note also that the degree of \'- 

^2 (1 + b + (r - j)a) =r + rb+ ^ l > a 

3=1 

is equal to the dimension of V . 
2.2. Semi-Reinhardt domains. 

Definition 2.1. j4 bounded domain D in <C m+n is called a semi-Reinhardt domain 
if G I? and «/ 

(e^r, . . . , e^ Wm , e ie 2l , ■ • • , e i9 z n ) G D 
/or (w, z) G -D and 9\, . . . ,6 mi 6 real. 

That means, D is "Reinhardt" w.r. to w and is circular w.r. to z. Obviously, a 
semi-Reinhardt domain is a circular domain, but the converse is not true. 

It is well-known that: if Di is a Reinhardt domain containing the origin in 
C m , then {w^ 1 . . . w 3 ^} is a complete orthogonal system for D\\ if D2 is a circular 
domain containing the origin in C", then a complete orthonormal system for D2 is 
given by 

fn + k — 1 N 

P ki ; k G N, 1 < 1 < m k 



where, for any fixed k, {Pki , Pki , • • ■ , Pkm k } is an orthonormal basis of the space of 
homogeneous polynomials of degree k in z\,...,z n . We give hereunder a general- 
ization of these facts for semi-Reinhardt domains. 

Let D be a semi-Reinhardt domain in C m+n . For each multi-index j G N m , 
consider the weighted scalar product on polynomials on C" defined by 

Jd 

As D is circular w.r. to z, polynomials of different degrees are orthogonal for this 
scalar product. For each k G N, choose a basis of the space Vk of homogeneous 
polynomials of degree k in Z\, . . . ,z n , which is orthonormal w.r. to ( | )^': 



{ P *}i<i 
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where m k = dimV k = ( n+ £ -1 )- Then jp^f ; k e N, 1 < i < m fc | is a complete 
orthonormal system for the space of holomorphic functions such that 

I w J 1 2 |/(z)| 2 < oo. 



D 



Theorem 2.4. Let D be a semi-Reinhardt domain in C m+n . Then a complete 
orthonormal system for D is given by 

{< . . . wfrpg(z); j = (h, . . . , j m ) G N m , k e N, 1 < i < m k ) . 

Proof. Let $ jki (w,z) = v>>Pji\z). As D is semi-Reinhardt, it is clear that the 
system {Qjki} is orthonormal. 

Let f(z,w) be a holomorphic, square-integrable function on D. Let bjki — 
J D f(w, z)Qjki(w, z). It suffices to show that 



(2-6) / \f(w,z)\ 2 = \ b 



j,fc,!<i<rrifc 



Let D z = {w; € -D}. Then D 2 is "Reinhardt" , f(w,z) = ^bj{z)uu^ 



Hz) 



and SweD, l/( w ' z )| 2 = J2j \ b ji z )\ 2 J weDz \ w3 \ ■ Thc functions bj(z) are holomor- 
phic, for they may also be obtained locally as Cauchy integrals of f(z 1 w) on the 
Shilov boundary of a polydisc in C™. Let fi be the projection of D on the second 
factor C"; then fl is circular, bj is square-integrable on f2, bj = J2k i c jkiPki' ' ,witla 



Cjki= I \w*\"b j {z)pv>{z)= I f(w,z)w j Pjj ) b jki = b jki 



and J Q \w J \ 2 \bj(z)\ 2 = ken i<i<m k \hki\ 2 - The equality l|2.6|l then easily follows. 

□ 

2.3. The principle of inflation. Let f2 be a bounded complete Hartogs domain 
inC™ +1 : 

n = {(z,(); zeD, (eC, |C| 2 <<Kz)}, 

where <f> is a bounded, positive, continuous function on some bounded domain D 
in C™. Due to the circular symmetry w.r. to the one-dimensional variable, the 
Bergman kernel of Q can be written 

fcn(z,() = L(z, |C| 2 ). 

The "Principle of inflation" , given in 0] , allows to compute the Bergman kernel of 
the "inflated" domain G, obtained from when replacing £ by an m-dimensional 
variable Z and |(| 2 by \\Z\\ 2 = \Z 1 \ 2 + ■■■ + \Z m \ 2 . 

Theorem 2.5. (Q) Let G be defined by 

G = {(z, Z); zeD, Z e C m , ||Z|| 2 < <j>{z)\ . 
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The spaces C" +1 and C n+rn being respectively endowed with the translation invari- 

— ( • — 2 \ m 

ant volume forms f3(z) A ^dd\(\ 2 and (3{z) A ( ^dd \\Z\\ J , the Bergman kernel 
function K,g of G is 

1 <9' Tl_1 
ml or m 1 

Trivial, but basic example: n — 0, <f> — 1; f2 is the unit disc, G the unit hermitian 
ball, 

(i-ld 2 ) {i-\\z\\ 2 ) 

Proof. See gl Subsection 2.2]. 

3. Egg DOMAINS BUILT on BOUNDED SYMMETRIC DOMAINS 

3.1. The domains Y(q, fi; k) and E(j>, q, Q; k). Let be any bounded irreducible 
circled homogeneous domain. For q G N and fc € K, fc > 0, define the domain 
Y(q,n;k) by 

y(g, fi; fc) := {(W, Z) G C« x fi; \\W\\ 2k < N(Z, Z)X ; 

for p, q G N and fc G R, fc > 0, define the domain g, fi; k) by 

E{p,q,n-k) := {(Wi,W 2 ,Z) G C p xC«x!J; ||Wi|| 2 + ]] W 2 || 2fc < AT(Z,Z)}. 

Note that, as it is the case for f2, the boundary of Y(q, O; fe) and g, fi; fc) is not 
smooth when the rank of the symmetric domain Q is greater than 1. 

For CI belonging to one of the four classical series, an explicit form of the Bergman 
kernel for Y(q, f2; k) has been obtained by Weiping Yin ( [2SI ? |3Up. 

The spaces CP and C 9 are equipped with their canonical Hermitian structure 
and with the volume forms 

u Jl (W 1 )=(j-dd\\W 1 \\ 2 J , 
co 2 (W 2 ) = f^-dd\\w 2 \ ,2X ' 

V Z7T 

which give volume 1 to the Hermitian unit balls. The Bergman kernel of Y(q, fi; k) 
(resp. E(p, q, f2; k)) is considered with respect to the volume form u>2(W) A w(Z) 
(resp. uj\{Wi) A uj 2 (W 2 ) A u(Z)), where to = a n is defined by 1)1. 4[l . 

3.2. Automorphisms. We consider here the case where p = q = 1 and we write 
for short 

F(fi;fe) = Y(l,Q;k), 

E(fl;k) =E(l,l,Q;k). 

Let $ G (Autf2) , the identity component of the automorphism group of Q, 
and let J$(Z) = detD<I>(Z) be the complex Jacobian of $ at Z G fl. Let Z be 
the inverse image of under <&(Z ) = 0. From the relations 2?($(Z), $(T)) = 
d$(Z)o5(Z,T)od$(T)*, S(Z,0) = / and det B{Z,T) = N(Z,T)9, we obtain 



(3.1) 1 = J$(Z)N(Z, Z ) 9 J$(Z ), 
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which shows that N(Z, Zq) never vanishes when Z e Q. In particular, we have 
(3.2) J$(Z) ' 



J<f>(Z a )N(Z, Z )9 
and 

Consider the holomorphic function A{ , Zq) defined by 

up to multiplication by a complex number of modulus 1, J<fr(Z) is then the <?-th 
power of A(Z,Zq). As a bounded circled symmetric domain f2 is always convex 
and Z i— > j4(Z, Zo) is a non-vanishing holomorphic function on f2, the holomorphic 
function Z t—> \vlA(Z,Zq) is well-defined on f2 (say, with the initial condition that 
\hA(Zq, Zq) is real); for each A G C, we then define the holomorphic function 
Zh A{Z,Zq) x by A(Z,Z ) X = expAlnA(Z,Z ). 

Lemma 3.1. Let Q be a bounded irreducible circled homogeneous domain of genus 
g. Then for each $ G (Aut Q) Q and for complex numbers a%, a 2 of modulus 1, the 
map * : E(Q; k) — > #(f2; k) defined by 

(3.5) V(Wi,W 2 ,Z) = (a 1 A(Z,Z )W 1 ,a 2 A(Z,ZQ)iW2,<P(Z)), 

where Zq = $ _1 (0), is a holomorphic automorphism of E(Ct; k). Moreover, we have 

(3.6) \JV(W U W 2 ,Z)\ = \A(Z,ZQ)\ 1+ i+ 9 . 
In particular, 

(3.7) \JV(W U W 2 , Z )\ 2 = N(Z , Zq)- 1 -^. 
Proof. From (O, £3, J£3J we deduce that 

(3.8) |J*(Z)| = |A(Z,Z )| 9 . 

From this, it is easily deduced that VP is a holomorphic automorphism of -E(f2; fc). 
The differential of W has the form 

/ a t A{Z,Z Q ) 

d*(W 1 ,W 2 ,Z)= I a 2 (A(Z,Z ))i 

\ * * d$(Z) 

which implies 

|J¥(Wi,W 2 ,Z)| = \A(Z,Z )\ 1+ * +9 , 

that is iJSSl; EH then follows from y4(Z , Zq) = N(Z , Z )~i . □ 

As a corollary (or directly along the same lines), we have 

Corollary 3.2. Let be a bounded irreducible circled homogeneous domain of 
genus g. Then for each $ € (Autf2) and for a complex number a of modulus 1, 
the map ^q : Y(Cl; k) — > F(f2; fc) defined by 

V (W,Z) = (aA(Z,Z )*W,$(Z)), 



NEW CLASSES OF DOMAINS WITH EXPLICIT BERGMAN KERNEL 



13 



where &(Zq) — 0, is a holomorphic automorphism ofY(Cl;k). We have 



\JVo(W,Z)\ = \A(Z,Z )\i+ 9 



and 



(3.9) \Jt> (W,Z )\ 2 =N(Z ,Z )-*-3. 

3.3. The Bergman kernel of Y(q, ft; k). In view of the Principle of inflation, we 
consider first Y(ri; k) — Y(l, f2; k). Let K. Y denote the Bergman kernel of Y{yi; k). 
Assume $ 6 (Autf2) is an automorphism of f2 which maps Z 6 D to 0. Let 
W* — A(Z, Z)i\V; then by the transformation law of the Bergman kernel and 
(|3.9(l . we have 

K Y (W,Z) = K Y (W*,0) N(Z,Z)-i- 9 . 

So the determination of K Y reduces to computing K Y {W* ,0). 

The domain Y(VL\ k) is clearly semi-Reinhardt in C 1+ "; applying Theorem 12.41 
it has a complete orthonormal system of the form 



W j Pjp(Z); j efi, kefi, l<i<m e 



n + t-1 



\W j \ u 2 (W)Alu{Z) = 1. 



where the P^P's are polynomials of degree I on V; in particular, PqP is the constant 
polynomial dj defined by 

hi 2 / 

J Y (fl;k) 

The Bergman kernel of Y{Q,; k) at (W, 0) is then 

K Y (W,0) = J2 \W*P}P(P)\ 2 = £ l^l 2 \ w3 \ 

Lemma 3.3. 

Proof. We have 

\aA~ 2 = [ \W ] \ 2 uj 2 {W) Au{Z) 

JY(n-k) 

(f \W\ 2j u 2 (W) j co(Z); 

zen \J\w\ 2k <N(z,z) I 



\W\ 2k <R 

then, by Theorem 12.31 



t \W\ 2j u 2 {W) = 2 / r 2l+l dr = 

J\W\ 2k <R 2 JO 



#2(j+l)/fe 
3 + 1 ' 



2 = — [ n(z, z^'^iz) = — v 1 1 1 ' 



■ volfi. 



3 + lJn ' 3 + 1 X((i + 

This proves (|3~TU|) . □ 
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So we have 

K Y <W, 0) = £ hf 1^ | 2 = g (i + 1) x f ^) |Wf 



Let F be defined by 



,=0 

then 
and 



K, Y {W,Z) = JC Y (W*,0) N(Z,Z)-* 



-k~9 



k -( \w\ 



2 



So we have proved 

Theorem 3.4. The Bergman kernel ofY(Cl;k) — Y(l,Q,;k) is 

KAW ' Z) " sao&ra" (wlM w <*-*>-*^ 



ere 



,,12) F(J0 = g^±I) x (i±Ijx, 

As (^r - ) X (^r - ) is a polynomial function of j, F is a rational function of X (a 
finite linear combination of derivatives of (1 — X) -1 ). So K,y(W, Z) is the product 
of the Bergman kernel of f2: 

Kn{Z) = vlsiN(z\z)9 

by 



k F ( \W\' 



m J iV(Z, Z)"* = G (|iy| 2 , JV(Z, Z) 1 ^) , 



X(0) \N(Z,Z) 

where G{X\, X2) is a rational function of X\,Xi. 

The Bergman kernel of Y (g, f2; fc) is then obtained from /Cy by using the Principle 
of inflation (Theorem 12. 5[1 : 

Corollary 3.5. The Bergman kernel ofY(q,Q;k) is 

(, 13 ) ^ M - ^j35^» (sf^) "<*.*>-*-. 

where F is the rational function defined by \3.1t$ . 



NEW CLASSES OF DOMAINS WITH EXPLICIT BERGMAN KERNEL 



15 



3.4. The Bergman kernel of E(p, q, 0; k). Let JCe denote the Bergman kernel of 
E(£l; k) — E(l, 1, f2; k). Assume $ 6 (Aut O) is an automorphism of fl which maps 
Z e DtoO. Let W{ = A(Z, Z)W X , W% = A{Z, Z)iw 2 ; then by the transformation 
law of the Bergman kernel and Ij3.7|l , we have 

w 2 , z) = ic E (w*,w;,o) n(z, zy^i-v. 

So the determination of Ke reduces to computing Ke{W*, WJ i 0)- 

The domain E(Q; k) is semi-Reinhardt in C 2+ "; applying Theorem l2.4l it has a 
complete orthonormal system of the form 

Wtwi 2 P^' h \z); j u j 2 ,ee N, 1 < i < m t = + ' ' 

where the P^^'s are polynomials of degree ^; in particular, Pq^ 1 '-' 2 ' is the constant 
polynomial a JU2 defined by 

I |2 



/ 




)E(Q.-k) 





Ui(Wi) A lo 2 (W 2 ) A cj(Z) = 1. 



The Bergman kernel of £(f2; fc) at {W\, W 2 ,0) is then 
(3.14) JC E (W u W 2 ,0) = \wt W^Pg 1 j2) (0) 

= Ei°i^i 2 | wr i 

Lemma 3.6. Let ft, = ji + 1 + ■ 22 ±i; t/ien 
(3.15) 



T(h+l) X (h) 



x(o)voinr(ji + i)r(^ 



Proof. We have 
l a .j'u 2 | 



E(U;k) 



wi(Wi) A lu 2 (W 2 ) A Lo(Z) 



'zen yJ|Wi| 2 +|w 2 r' t <iv(z,z) 
and, by standard computations, 



Wl'Wi 2 Wi(Wi) A w 2 (VF 2 ) w(Z) 



|Wi| 2 + |W 2 | 2fc <fl 2 

4 



wi(TTi) Aw 2 (TT 2 ) 



2 +r 2fc <fl 2 , r,>0 
R 



2ji+l 2j 2 +l 
' 1 



2.J1+1 
S l S 2 



2 dridr 2 

2(32+1) 



'--1 



dsids 2 



dp 



ir/2 



cos 2jl+1 9 sin 



2(32 + 1) 



d(9 



4 fl 2 (^+ 1+ - 



r(ji + i)r(^±i; 



fc2( J1 + l + ^±i) 2T (,i + 1 + Afl) 

i r( J1 + i)r(^±i) 2(jl+1+ ^) 
k r (ji + i + + 1) 
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Let h = ji + 1 + 22±I; then, by Theorem IO 



7 ,-2 _ i m + i)r (bp) 

J1J2] k T(h+1) 



N{Z, Z) h oj{Z) 



i rCh + i)r gg) x (o) 
fe r(/t + i) 

which proves (|3.15() . 

From 1)3. 15f) and 13. 141 1. we obtain 



volfL 



1Ce(Wi,W 2 ,Q) 



1 fc 



r(h + i)xW 
voin x ( ) ^ r(j 1 + i)r(^i) 



E 



Let 6j (1 < j < n + 2) be the constants defined by 



n+2 



n+2 



h(h l) X (h) = £ bj (h + 1), = £ 6, ^ + j + 1} • 



3=1 



r(/i + i) 



□ 



*3l32 I 



1 k T(h+l) X {h) 

voiox(o) r(j 1 + i)r(^±i) 

fc r(fe + j + i)r(fe-i) 

x ( )voin£- J r(^ + i)L(j 1 + i)r(^+i) 



and 

^(^,1^2,0) 



1 



volfix(O) 

oo n+2 



E E^- 



T(h + j + l)T(h-l) 

Let s = (j 2 + l)/k, h = \Wi | 2 , t 2 = |W 2 | 2 , then we have 

K B (Wi,W2,0) = A(ti,t 2 ) 

where 



TT Y 



n+2 oo / oo 



(3.16) A(ti,t 2 ) 
But 



vol ft v(0) E 6 i E I E 

A ^ ; 3=1 32=0 \n=0 



T(h + j + l)T{ji+s) pi , J2 



~ r(/i + j + i)r(j 1 + s ) , ~ r(j 1 +j + 2 + a)r(j 1 + s ) ^ 



^r(A + i)r(ft + i)r(.) 



^ o rOi+2 + s)r(ji + l)r( S ) 



r(j + 2 + s ) 



r( s + 2) 

where 2 i 7 i(o, 6;c;z) denotes the Gauss hypergeometric function 

(a) m (b) m z m 



2 F 1 (s + 2 + j,s;s + 2;t 1 ) 



2 Fi(a,b;c;z) = ^ 



m=0 



(c) m r(m + l)' 
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By Euler's transformation formula (see |l()l (1.2.10)], or |7j): 

2-Fi(a, 6; c; z) = (1 — z) c ~ a ~ b 2 Fi(c — a,c—b;c; z), 

we get 

2 F 1 (s + 2+j,s;s + 2; h) = (1 - tx)-'~ 3 2 Fx(-j, 2; s + 2; h), 
where 2F\(—j, 2; s + 2; t±) is in fact a polynomial of degree j: 

(It can be expressed with help of a Jacobi polynomial, but we will not use this fact 
here.) This proves 

f o 171 v r(h+3 + mh + s) ^ 



m=0 



r(s + 2 + m) r(m + l) 



From l|3.16|) and l|3.17|l . we deduce 



J 2 



S ( i)m(2)ror (™ + 1 )£r(^ + 2 + m ) U-^'V • 

Consider now, for < m < j , the function Hj m defined by 

ff - (A) " g r(^ + 2 + ,„) A ' = § (— + 2 + ™j „ m A " 

as + 2 + m) ,_ m is a polynomial of p, i/j- m is a rational function of A (more 

precisely, a finite linear combination of derivatives of the function (1 — A) -1 ). So 
we finally obtain: 



Theorem 3.7. The Bergman kernel Ke ofE(Cl;k) is 

N{Z, Z)- 1 -^ 



(3.18) K^M.A^^-B^ 

where A is defined by 

(3.19) A(t ll t 2 ) = -L-^-(l-t 1 )-V k H(t 1 



ff(t!, A) = ^ 6,(1 - t x )-' ^ (-j) m (2) m 1 g jm (A) , 
j=l m=0 * ' 
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n+2 

h(h-l) X (h) = J2 b Ah + l) j - 

We see that 1Ce(Wi, W2, Z) is the product of the Bergman kernel of 0: 

1 1 



JCa{Z) 



voin n{z, zy 



by the function 
k 



( 



X(0) 



H 



\Wx\ 



N(z,zy 



N(Z, Z)-\Wi 



1/k 



N(Z, Z)- 1 -*. 



where H(X±, X2) is a rational function of X±, X2. 

The Bergman kernel K-E(p,q,vt;k) of E(p, q, 0; fc) is then obtained from /C^; using 
twice the Principle of inflation (Theorem 12.5(1 : 

Corollary 3.8. The Bergman kernel of E(p, q,Q; k) is 

" |Wi|| a ||^ 2 || 2 X 



p\q\ 



n{z, zy n(z, zyi k 



N(z,z)- p -i- 9 , 



where 



^(p-hg-i) {hM)= ( tl ,t 2 ) 



is the partial derivative of the function A defined by $3.19\) 



4. Tables 

The following examples exhaust the list of simple Hermitian positive Jordan 
triple systems (see The HPJTS occurring in the four infinite series I p , q , 

II n , III n , IV n are called classical; the two HPJTS of type V and VI are called 
exceptional. There is some overlapping between the classical series, due to a finite 
number of isomorphisms in low dimension. We give hereunder for each type: 

• the definition of the space V, its Jordan triple product, and the correspond- 
ing bounded circled homogeneous domain; 

• the generic norm; 

• the numerical invariants r, a, b, g = 2 + a(r — 1) + 6; 

• the polynomial 

xw=n( s +i+(i-i)f) hi . 

f^J V 2/ l+b+(r-j)a 

from which one can deduce the behavior of the function 

m / N(x,x) s a n 
Jn 

and the Bergman kernels of Y(q, fi; k) and E(p, q, f2; k). 
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4.1. Type I m , n (1 < m < n). V = .Mm, n(C) (space of mxn matrices with complex 
entries), endowed with the triple product 

{xyz} = x l yz + z l yx. 

The domain f2 is the set ofmxn matrices x such that I m — x l ~x is definite positive. 
The generic minimal polynomial is 

m(T,x,y) = Det(TI m -x t y), 

where Det is the usual determinant of square matrices. The numerical invariants 
are r = m, a = 2, b = n — m, g = m + n. These HPJTS are of tube type only for 
m = n. 

Applying l|2.3|l . we obtain the polynomial \ : 

m 
3 = 1 

which may also be written 

m 
3=1 

4.2. Type II„ (n > 2). V = A n (C) (space of n x n alternating matrices) with the 
same triple product as for Type I. The domain f2 is the set of n x n alternating 
matrices x such that + xx is definite positive. 

4.2.1. Type lli v (n = 2p even). The generic minimal polynomial is here given by 

m(T, x, y] 2 = Det(T/„ + xy). 

The numerical invariants are r = § = p, a = 4, b = 0, g = 2 (n — 1); these HPJTS 
are of tube type. 

The polynomial \ is 

p p 
X(s) = I] ( s + 2J - 1 )i+4(p-, ) - Il( s + V - ^ap-i- 

3=1 3 = 1 

4.2.2. Type Ihp+i (n — 2p + 1 odd). The generic minimal polynomial is given by 

Tm(T, x, y) 2 = Det(T/„ + xy). 

The numerical invariants are r = [^] = p, a = 4, b = 2, g = 2(n — 1); these HPJTS 
are not of tube type. 
The polynomial \ is 

p p 

X(S) = II ( S + 2 J - 1 )3+4( P - i ) = I1( S + - ^P+l- 
3 = 1 3 = 1 
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4.3. Type III„ (n > 1). V = S n (C) (space ofnxn symmetric matrices) with the 
same triple product as for Type I. The domain is the set of n x n symmetric 
matrices x such that I n — xx is definite positive. The generic minimal polynomial 
is 

m(T,x,y) = Det{TI n - xy). 

The numerical invariants are r = n, a = 1, b = 0, g — n + 1. These HPJTS are of 
tube type. 

The polynomial \ is 



i + i 



j—l V / l+n-j 

4.4. Type IV„ (n ^ 2). V = C™ with the quadratic operator defined by 

Q(x)y = q{x,y)x - q(x)y, 

where q(x) = X) x f j l( x ,y) — 2J2 x iVi- The domain Q is the set of points x E C" 
such that 

1 -q(x,x) + \q(x)\ 2 > 0, 2-g(or,x)>0. 
The generic minimal polynomial is 

m(T,x,y) = T 2 - q(x,y) +q(x)q(y). 

The numerical invariants are r = 2, a = n — 2, b = 0, g — n. These HPJTS are of 
tube type. 

The polynomial \ 1S 



X(s) = (« + l) n _i 



4.5. Type V. V = -M2,i(Oc), the subspace of ^3(Oc) consisting in matrices of 
the form 

as ci2 
a 3 
a 2 

with the same quadratic operator as for type VI (see below). Here a denotes the 
Cay ley conjugate of a E Oc- The generic minimal polynomial is 

m(T,x,y)=T 2 - (x\y)T + (x^). 

The domain f2 is the "exceptional domain of dimension 16" defined by 

1 - (x\x) + (x I x*) > 0, 2-(a:|a:)>0. 

The numerical invariants are r = 2, a = 6, b = 4, g = 12. This HPJTS is not of 
tube type. 

The polynomial \ is 



x(*)=n(s+i+(j-i)^) 

^ V 1/ l+b+{r-])a 

x(s) = (* + l) n (s + 4) 5 ; 

it can also be written 

X(s) = (s + l) 8 (a + 4) 8 . 
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4.6. Type VI. V = 7is(Oc), the space of 3 x 3 matrices with entries in the space 
©C of octonions over C, which are Hermitian with respect to the Cayley conjugation; 
the quadratic operator is defined by 

Q(x)y = (x\y)x -i'xJ, 

where x denotes the Freudenthal product, x* the adjoint matrix in T-i^Oc) and 
(x\y) the standard Hermitian product in H.3(Oc) (for details, see [201 ) - The domain 
f2 is the "exceptional domain of dimension 27" defined by 

1 - (x\x) + (xV) - |detir| 2 > 0, 

3 - 2(x\x) + > 0, 

3- (x\x) > 0. 

The generic minimal polynomial is 

m(T,x,y) = T 3 - {x\y)T 2 + (x^y^T - detxdety, 

where det denotes the determinant in Ti^^Oc). The numerical invariants are r = 3, 
a = 8, b = 0, g = 18. This HPJTS is of tube type. 
The polynomial \ is 

X(s) = (s + l)i 7 (s + 5) 9 (s + 9) 
= (s+ l) 9 (s + 5) 9 (s + 9) 9 . 
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